If N = q k n 2 is an odd perfect number given in Eulerian form, then Sorli's conjecture predicts that k = ν q (N ) = 1. In this article, we give a strategy for trying to prove that the inequality n < q is equivalent to this conjecture. We conclude with some remaining open questions regarding k and a conjectured relationship between the components q k and n.
Introduction
If N is a positive integer, then we write σ(N ) for the sum of the divisors of N . A number N is perfect if σ(N ) = 2N . It is currently unknown whether there are infinitely many even perfect numbers, or whether any odd perfect numbers (OPNs) exist. Ochem and Rao recently proved [10] that, if N is an odd perfect number, then N > 10 1500 and that the largest component (i.e., divisor p a with p prime) of N is bigger than 10 62 . This improves on previous results by Brent, Cohen and te Riele [2] in 1991 (N > 10 300 ) and Cohen [3] in 1987 (largest component p a > 10 20 ).
An odd perfect number N = q k n 2 is said to be given in Eulerian form if q is prime with q ≡ k ≡ 1 (mod 4) and gcd(q, n) = 1. (The number q is called the Euler prime, while the component q k is referred to as the Euler factor. Note that, since q is prime and q ≡ 1 (mod 4), then q ≥ 5.)
We denote the abundancy index I of the positive integer x as I(x) = σ(x) x .
In his Ph. D. thesis, Sorli [11] conjectured that k = ν q (N ) = 1. In the M. Sc. thesis [7] , it was conjectured that the components q k and n are related by the inequality q k < n. This conjecture was made on the basis of the result I(q k ) < 3 √ 2 < I(n).
Conditions Sufficient for Sorli's Conjecture
Some sufficient conditions for Sorli's conjecture were given in [5] . We reproduce these conditions here.
Remark 2. The proof of Lemma 1 follows from the inequality q k < n 2 and the congruence k ≡ 1 (mod 4) (see [5] ). (Note the related inequality
for the abundancy indices of the components q k and n 2 .)
then it follows that
Consequently, by the contrapositive, if
Remark 6. Let N = q k n 2 be an odd perfect number given in Eulerian form. Suppose that
Then we know that:
Since gcd(q, n) = 1, then q | σ(n) and n | σ(q). Therefore, it follows that σ(q) n and σ(n) q are equal positive integers.
This is a contradiction, as:
which implies that:
Therefore, either:
which implies σ(q) < σ(n) and
which implies n < q and
Lemma 7. Let N = q k n 2 be an odd perfect number given in Eulerian form. Then n < q if and only if N < q 3 .
Remark 8. A recent result by Acquaah and Konyagin [1] almost disproves n < q. They obtain (under the assumption k = 1) the inequality q < n √ 3.
New Results Related to Sorli's Conjecture
First, we reproduce the following lemma from [5] , as we will be using these results later.
Lemma 9. Let N = q k n 2 be an odd perfect number given in Eulerian form. The following series of inequalities hold:
We have the following (slightly) stronger inequality from [5] .
Lemma 10. Let N = q k n 2 be an odd perfect number given in Eulerian form. Then I(q k ) 2 < I(n 2 ).
Proof. The proof follows from the inequality I(q k ) < 3 √ 2 and the equation 2 = I(q k )I(n 2 ).
Remark 11. Another proof of Lemma 10 is as follows:
In fact, if
Thus, if we let z = 3 log 2 − log 5 log 5 − 2 log 2 ≈ 2.1062837195,
Next, we derive the following improved lower bound for I(q) + I(n) (i.e., a lower bound for I(q k ) + I(n) when k = 1). (The proof is due to Abhra Abir Kundu, a student of the Indian Statistical Institute in Bangalore.) Lemma 12. Let N = q k n 2 be an odd perfect number given in Eulerian form. If k = 1, then
Proof. Let N = q k n 2 be an odd perfect number given in Eulerian form. If k = 1, then
.
Applying the arithmetic-geometric mean inequality, we have
Equality holds if and only if
But since q is prime and q ≡ 1 (mod 4), then q ≥ 5. Therefore, equality does not hold, and we obtain
Remark 13. Notice how the sharper lower bound
from Lemma 12 improves on the lower bound
from Lemma 9.
Remark 14. Since 1 < I(q) < I(n) < 2, we have
Thus, we have the sharper lower bound
from Lemma 12, which improves on the lower bound
We now state and prove the following theorem, which provides conditions equivalent to the conjecture mentioned in the introduction.
is an odd perfect number given in Eulerian form, then the following biconditional is true:
In preparation for the proof of Theorem 15, we derive the following results.
Lemma 16. Let N = q k n 2 be an odd perfect number given in Eulerian form. If
Proof. Let N = q k n 2 be an odd perfect number given in Eulerian form. Assume that
It follows that
Consequently,
If q k < n, then q k − n < 0. Hence,
If n < q k , then 0 < q k − n. Hence,
Consequently, we have
as desired.
Lemma 17. Let N = q k n 2 be an odd perfect number given in Eulerian form. If
Proof. The proof of Lemma 17 is very similar to the proof of Lemma 16. Now, assume that
Consider the conclusion of the implication in Lemma 17 in light of the result I(q k ) < I(n):
If q k < n, then since I(q k ) < I(n) implies that
we have
which further implies that σ(q k ) < σ(n). This contradicts Lemma 17. Similarly, if σ(n) < σ(q k ), then
from which it follows that n < q k . Again, this contradicts Lemma 17. Consequently, the inequality
cannot be true. Therefore, the reverse inequality
It remains to consider the case when
Notice that this is true if and only if
which, since I(q k ) < I(n), implies that n < q k . Consequently, from
implies n < q k , we now have the biconditional
under the initial assumption
In other words (by Lemma 16), we have Theorem 15 (and the corollary that follows).
Corollary 18. If N = q k n 2 is an odd perfect number given in Eulerian form, then the following biconditional is true:
We now give another condition that is equivalent to the author's conjecture (mentioned in the introduction).
Theorem 19. If N = q k n 2 is an odd perfect number given in Eulerian form, then the following biconditional is true:
Proof. Let N be an odd perfect number given in Eulerian form. Then N = q k n 2 where q ≡ k ≡ 1 (mod 4) and gcd(q, n) = 1.
First, we show that
Since I(q k ) < I(n), we have that
On the other hand, the inequality
This in turn implies that
Putting these inequalities together, we have the series
Now consider the product
This product is negative. Consequently we have
from which it follows that
Therefore, we obtain
Since I(q k ) < I(n), we obtain
This product is negative. Therefore, we obtain
from which we get
Together with the result in the previous paragraph, this shows that
Remark 20. Let N = q k n 2 be an odd perfect number given in Eulerian form.
Note that, in general, it is true that
At this point, we dispose of the following lemma:
Lemma 21. Let N = q k n 2 be an odd perfect number given in Eulerian form. Then at least one of the following sets of inequalities is true:
Lemma 21 is proved by listing all possible permutations of the set
subject to the abundancy index constraint 1 < I(q k ) < I(n) and the biconditional in Theorem 15. Now, note from Lemma 21 that if either one (but not both) of the following scenarios hold:
then Sorli's conjecture cannot follow (i.e., k = 1), because otherwise these scenarios would then violate the fact that q and σ(q) = q + 1 are consecutive (positive) integers. That is,
In other words,
If we consider the contrapositive of the last statement, we get the following implication:
The conclusion from this last implication can be simplified as follows:
If σ(q k ) < n and σ(n) ≤ q k are both true, then the following lemma is violated: Lemma 22. Let N = q k n 2 be an odd perfect number given in Eulerian form. Then
Proof. The proof follows by a simple application of the arithmeticgeometric mean inequality, and by using the lower bounds for I(q k ) and I(n) from Lemma 9, for k ≥ 1.
Thus, by Lemma 21 and our previous considerations, we have the following result:
Theorem 23. Let N = q k n 2 be an odd perfect number given in Eulerian form. If k = ν q (N ) = 1, then either σ(q k ) < n or σ(n) ≤ q k is true, but not both. Now, suppose that Sorli's conjecture is true. Then k = 1, and q k = q. Since q and σ(q) = q +1 are consecutive integers, we have three cases to consider:
• Case I: q < σ(q) < n < σ(n)
• Case II: n < q < σ(q) ≤ σ(n)
• Case III: n < σ(n) ≤ q < σ(q)
Note that Theorem 23 eliminates Case II. Thus, we consider the remaining cases:
• Case III: n < σ(n) ≤ q < σ(q).
Remark 24. Note that these can be rewritten as:
if we consider k = ν q (N ) = 1 as a "place-holder".
Final Analysis of the New Results
The new results presented in this article seem to imply the following conjecture (see [6] ).
Conjecture 25. Let N = q k n 2 be an odd perfect number given in Eulerian form. Then the following biconditional is true:
Remark 26. Suppose that N = q k n 2 is an odd perfect number given in Eulerian form. Notice that if we could prove the implication
then Conjecture 25 would follow. On the other hand, if the implication
is true, then it is easy to show the chain of implications
On the other hand, by the contrapositive of Lemma 1, we have
where the last implication is due to the fact that q is odd while n − 1 is even. Consequently, if the implication
is true, then the inequality σ(q) < n follows regardless of the status of Sorli's conjecture.
Nonetheless, we now have the following theorem.
Theorem 27. Let N = q k n 2 be an odd perfect number given in Eulerian form. Then exactly one of the following conditions hold:
• {k = ν q (N ) = 1} ⇐⇒ {n < q}
• {k = ν q (N ) = 1} ∧ {q k < n}.
Remark 28. Suppose that N = q k n 2 is an odd perfect number given in Eulerian form. Notice that ¬{{k = ν q (N ) = 1} ⇐⇒ {n < q}} =⇒ {{k = ν q (N ) = 1} ∧ {q k < n}}, and that ¬{{k = ν q (N ) = 1} ∧ {q k < n}} =⇒ {{k = ν q (N ) = 1} ⇐⇒ {n < q}}.
This shows that the conditions {{k = ν q (N ) = 1} ⇐⇒ {n < q}} and {{k = ν q (N ) = 1} ∧ {q k < n}} are mutually exclusive. Therefore, proving one of them disproves the other.
Conclusion
By focusing on the considerations surrounding Sorli's conjecture, the analysis of what would have been more than three cases is greatly simplified. An improvement to the currently known upper bound of I(n) < 2 will be considered a major breakthrough, and in conjunction with the results contained herein, may successfully rule out either one of σ(n) ≤ q k or σ(q k ) < n, by using Sorli's conjecture as a working (and simplifying) hypothesis.
In the sequel (http://arxiv.org/abs/1303.2329), a viable approach towards improving the inequality I(n) < 2 will be presented, which may necessitate the use of ideas from the paper [12] .
